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Three-dimensional functional model proteins: Structure function
and evolution
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The mapping of phenotype onto genotype for a set of functional model proteins is accomplished by
exhaustive enumeration on a three-dimensional diamond lattice. Chains of up to 25 monomers are
investigated and their evolution characterized. The model is used to investigate the origins of
designability. Highly designable functional model protein structures possess contact maps that have
a relatively little commonality with other physically allowed contact maps. Although the diamond
lattice has the same coordination number as the square lattice, differences between
three-dimensional and two-dimensional functional model proteins are observed. One difference is
the lower frequency of structures of low designability on the three-dimensional lattice. In other
respects, the conclusions drawn from previous studies using the square lattice remain valid in three
dimensions. For example, we observe the tendency for longer chains to form larger networks of
sequences with greater stability to mutation. We identify various topographical characteristics of the
landscapes: evolutionary bottlenecks bridge otherwise unconnected networks, and hub sequences
allow rapid movement between the different neutral networks. The diversity of landscapes that
arises from even a minimalist model suggests that real proteins have a rich variety of evolutionary
landscapes. ©2003 American Institute of Physics.@DOI: 10.1063/1.1590310#
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I. INTRODUCTION

The mechanism of protein evolution is natural select
based on function. Function is exhibited as a result of
specific three-dimensional structure or fold of a protein. T
fold often includes a binding pocket or active site as a lo
tion of activity, and this site is an obvious focus for exam
ing fitness. A mutation may alter the fold of a protein, a
thereby the binding pocket, or it may change a residue in
binding pocket, modifying function. Alternatively, a muta
tion may lie away from the binding pocket and not chan
the fold, allowing function to be maintained. The fixation
both sorts of mutations leads to two processes. The for
process is adaptive evolution, and is the mechanism
which proteins can acquire new and improved function. T
latter process is neutral drift; the neutral theory1 proposes
that the most highly adapted proteins are unable to evo
any other way. Understanding the roles of both these p
cesses is an area of current inquiry.

A classic model for visualizing the process of molecu
evolution is Wright’s fitness landscape.2 A set of genotypes is
connected by point mutations on a landscape, with molec
evolution taking place through successive fixation of m
tants, leading to areas of higher fitness. By modeling s
landscapes we may hope to answer some evolutionary q
tions, such as the extent of fixation of neutral mutations i
protein’s evolution, and the related question of whether i
possible for a highly adapted protein to improve its fitnes

In order to examine the evolution of proteins in a tra
table fashion a variety of models have been propos
Kauffman3 employed a method of random assignments

a!Electronic mail: jonathan.hirst@nottingham.ac.uk
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fitnesses in order to model fitness landscapes. The effec
varying the level of epistatic interactions, that is, the dep
dency of the fitness of one gene on the fitnesses of oth
was examined. The organism was represented as a syste
N loci. Each locus, or position on the genome, was assig
an allele with a fitness affected by a number~K! of other
genes. This model, the so-calledNK model, has produced a
wealth of insights into how the structure of such landsca
may affect evolution, but it does not address the question
how the physical constraints of protein structure affect
landscape structure.

More recently, computer simulations have been used
examine directly how the requirements of fitness and sta
ity affect protein evolution. In one study,4 molecular dynam-
ics simulations were undertaken for short sequences and
positions of four specific residues appraised for their simil
ity to a certain active site configuration. Mutation and sele
tion with fitness defined as similarity to the target active s
was able to produce proteinlike structures.

However, for a broader view of how molecular evolutio
works we need to consider vast evolutionary landscapes,
obtaining sufficient experimental data is difficult. The inte
pretation of genomic data in a form relevant to evolutiona
fitness is further complicated by the lack of rapid, reliab
protein folding algorithms capable of distinguishing sub
differences between structures. For these reasons, studie
quently employ lattice based models, with a reduced alp
bet of amino acids.

Another issue is the definition of fitness. A biologic
definition of fitness involves success of an organism at rep
duction. Applying this definition to a landscape of a gene
difficult, and different approaches are taken, often involvi
3 © 2003 American Institute of Physics
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the stability of the protein. We define fitness as the numbe
hydrophobes in the binding pocket of the protein. This is
easily characterized physical property that is relevant t
possible function, the nonspecific binding of a hydropho
substrate.

Coarse-grained models are advantageous in comp
tional studies of proteins, as they restrict conformatio
space to a level amenable to exhaustive enumeration, w
maintaining physical relevance. The use of lattice model
protein folding is well established,5,6 and their application to
evolutionary problems is increasing. In one study, the orig
of designability have been examined using a 20-letter lat
model.7 In another study,8 a 16-monomer chain on a squa
lattice was used to model binding to a ligand. The simulat
of evolution with selection for compactness compared w
selection for binding showed remarkable similarities in t
distribution of structures. A two-dimensional lattice mod
was used to investigate the ability of evolution to produ
protein structures that are highly robust to mutation.9 The
natural propensity for evolution to select sequences for
bustness to mutation due to the effects of quasispecies10 was
demonstrated. Each sequence is able to contribute muta
to its neighboring sequences, and so the population at e
point in sequence space is affected by the population of
surrounding points. Sharp peaks of high fitness canno
sustained by high levels of mutation from surrounding
quences. This means that wider areas of more moderat
ness are more populated.

After reducing the complexity of conformational spa
with a lattice model, the size of the landscape is reduced
level amenable to exhaustive enumeration through the us
a two-letter alphabet such as the HP~hydrophobic/polar!
model.11 This is as simple as possible for a heteropolym
and stems from the physical observation that the hydrop
bic interaction is the major determinant in prote
folding.12,13 Each residue is reduced to a single point on
lattice, and is assigned to be either hydrophobic or pola11

The power of this concept is illustrated byde novoprotein
design experiments, which select sequences with certain
terns of hydrophobic and polar residues.14 The success o
this ‘‘bury the grease’’ strategy indicates the relevance of
HP model to real proteins. The patterning of hydropho
and polar amino acids can be used to design a sequen
fold to a particular target structure.15 Furthermore, differen-
tial packing of hydrophobic and polar residues is believed
be the origin of the observation that switching two adjac
residues in the protein Arc results in different tertiary a
secondary structures.16 Elements of secondary structures al
show distinctive HP patterns. In one study,17 the HP distri-
butions were shown to be different for parallel and an
parallel beta sheets, with further differences between inte
and edge strands.

The ability to search conformational space and seque
space exhaustively makes HP lattice model proteins usef
evolutionary studies, giving insights into the nature of ev
lutionary landscapes. The existence of a superfunnel to
ogy for neutral nets has been proposed from studies18 with
the HP model. Sequences in a neutral net are shown t
organized such that they are centered around a proto
Downloaded 03 Sep 2003 to 128.243.220.22. Redistribution subject to A
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sequence, with stabilities increasing toward the center. Q
tions of designability can also be addressed. A minima
model has been used to demonstrate how highly design
structures are typically the most thermodynamically stabl19

Our model is simple, yet rich enough to support a varie
of fitnesses. The emergent complexity of the model allo
hypotheses about evolution to be tested with different ami
acid alphabets, lattices, and chain lengths, in order to de
mine their robustness with respect to these conditions.
utilize a three-dimensional~3D! lattice as a step to more
realistic structures. Unlike many other studies20–22 which
employ a maximally compact 27-mer on a cubic lattice,
stricted to a 33333 cube, we use the diamond lattice. This
a four-coordinate lattice, which reduces conformation
space enough to allow exhaustive enumeration of struct
up to a moderate length.

We also consider questions of protein designability. R
cent work22 has suggested that two letter models of prote
give rise to a set of designable structures that is different t
that produced by larger alphabets, and that conclusions a
designability drawn from studies of HP models have limit
generality. However, as noted elsewhere23 this suggestion it-
self rests on studies of maximally compact 535 conforma-
tions of a 25-mer. Studies which allow all conformatio
produce fewer sequences that encode for maximally com
structures, and so native maximally compact structures
less designable.

The validity of the HP model on a 3D lattice has al
been questioned.24 It was suggested that the HP model m
not display proteinlike characteristics, such as a unique
tive state with an energy gap and cooperative folding, o
3D lattice. However, this conclusion is drawn from the stu
of a set of designed sequences in the HP model on the c
lattice. Our studies, described in the following, on the d
mond lattice using the shifted-HP model11 show a large num-
ber of nondegenerate ground states with energy gaps, w
also possess a binding pocket.

II. METHODS

The HP model assumes a favorable interaction ene
when two hydrophobes are in contact on the lattice but
not neighbors in the chain (EHH521), while other contacts
are neutral (EHP5EPP50). This confers a hydrophobic cor
and polar surface on native structures, as seen in real
teins. However, the inclusion of only attractive and neut
forces tends to lead to highly degenerate maximally comp
native states. In contrast to this, real proteins fold into
single native state, often containing a binding pocket wh
is required for function. In order to accommodate this, rep
sive terms can be introduced into the HP model, which le
to the shifted-HP model:11

E5S 22 1

1 1D .

In this case,EHH522, andEPH5EHP5EPP51.
Previously,25,26we have studied the square lattice. In th

paper we extend our analysis to the 3D diamond lattice. T
diamond lattice is expected to incorporate more realism i
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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our model, while maintaining the four coordinate nature
the square lattice, thereby obviating a massive increas
complexity. For the purposes of our enumeration we rem
all structures that are duplicates through symmetry or ro
tion. In Table I, we show how conformational space gro
with chain length. The data agree with early enumerations
Wall and Hioe27 for chains up to length 21. The earlier en
meration ignores symmetry and rotation, so the numbe
conformations reported earlier is 24V-12, whereV is the
number reported as ‘‘number of conformations’’ in Table
The growth in number of conformations is similar to th
growth seen on the square lattice;26 however, the number o
contact maps is smaller. This is due to the necessity of m
ing seven moves on the diamond lattice to return to the s
ing position, rather than the five needed on the square lat
This means fewer contacts are possible for a given ch
length. An example of a chain on the diamond lattice
shown in Fig. 1.

We define a viable sequence as one which satisfies
eral conditions. It must have a nondegenerate ground sta
that is it must possess a single lowest energy conformatio
must have an energy gap—the difference between the en
of the lowest energy conformation and the first excited c
formations must be at least two. This will lead to two distin
populations during protein folding, and folding will therefo

TABLE I. Conformational space of chains on the diamond lattice.

Number of
monomers in chain

Number of
conformations

Number of
contact maps

Number of
nondegenerate
contact maps

19 15 094 486 39 282 8 103
20 43 844 655 98 331 18 818
21 127 162 522 223 676 44 461
22 369 043 759 569 472 112 445
23 1 069 666 168 1 302 090 234 799
24 3 102 070 729 3 307 363 642 415
25 8 986 576 978 7 647 140 1 378 104

FIG. 1. An example of a 25-mer diamond lattice protein. White residues
hydrophobic, black are polar. Gray residues are subject to variation w
the family.
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exhibit a form of two state-cooperativity. Analysis of th
21-mer sequences that were excluded by the energy ga
quirement shows that these excluded sequences would
hibit folding that is clearly not cooperative. For examp
91% of the structures close in energy to the native struc
are ‘‘non-native,’’ sharing 50% or fewer of the contacts
the native state. We conclude that it is appropriate to emp
the energy gap requirement to exclude sequences that lac
energy gap from further analysis. This criterion does n
guarantee that all the functional model proteins fold coope
tively, because this energy gap does not consider whethe
structures of the first excited states are similar or dissim
to the ground state. Structures similar to the ground state
be present in the folding funnel and do not represent a c
peting energy minimum.28 Ideally a criterion that is designe
to enforce cooperativity should reflect this. However, it m
be that there is no energy gap that can capture the leve
calorimetric cooperativity shown by real proteins, witho
the inclusion of nonadditive terms in the energ
formulation.29 Cooperativity may be an evolved feature30 de-
pendent on side-chain packing and other features.31,32 With
respect to the overall aim of studying models with prote
like phenomenology, the energy gap requirement is us
for excluding model sequences with unproteinlike behav
More detailed work on cooperativity in lattice models wou
be desirable, but is beyond the scope of this study.

Finally, the lowest energy structure must possess
empty lattice site surrounded by three or four residues. T
requirement for a binding pocket is necessary for a protein
be deemed functional. The function of the model protein m
then be investigated as a feature distinct from conforma
or stability, by characterization of the binding pocket.

For each chain length, we generate all self avoiding r
dom walks on the diamond lattice using the backtrack
algorithm described earlier.25 To evaluate a HP sequence w
consider the distribution of its energies over all possible c
formations. As previously noted,11,25,26 we do not need to
consider the energy for each conformation explicitly, b
merely for each contact map. We can then determine whe
a native structure exists for each sequence. To build a c
plete evolutionary landscape, we consider every possible
sequence. However, for chains of length 24 and above
becomes infeasible. Instead, we search exhaustively in s
ture space, but sample sequence space. To obtain our s
candidate sequences for lengthn monomers we take the se
of viable sequences of lengthn-2, and make all possible
insertion mutations. To this set, we add all viable sequen
of lengthn-1. Finally, we make all possible insertions to th
set, to obtain a set of sequences of lengthn. This approach is
motivated by the observation that large functional model p
tein families tend to span a range of lengths through in
mutations.26 From the viable sequences so found, we eva
ate all possible point mutations, until the families have be
fully explored. In this way we obtained a set of viable s
quences for the 24-mer without exhaustive enumeration
sequence space. Through further insertions to the 23-m
and 24-mers we can find viable 25-mers, from which we c
make point deletions to generate further 24-mer candid
sequences. We repeat the process until no more new
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TABLE II. Characteristics of evolutionary landscapes. The ratio of neutral:adaptive mutations~N:A! and the average number of nonlethal mutations p
sequence~M/S! are given.

Number of
monomers in chain

All
sequences

Third largest
family

Second largest
family Largest family

N:A M/S Size N:A M/S Size N:A M/S Size N:A M/S

22 1.85 1.46 31 1.48 2.00 31 1.44 1.97 33 1.68 1.79
23 2.00 1.52 31 1.48 2.00 45 2.18 1.91 45 2.03 2.16
24 2.33 1.02 34 3.56 2.15 45 2.03 2.16 126 2.92 2.61
25 2.24 1.81 86 2.52 1.97 120 2.85 2.63 151 2.90 2.76
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quences are found. This process is justified by inspectio
the sequences found by exhaustive enumeration: sta
with all viable 21-mer sequences, and proceeding with
indel strategy to generate 22-mers and 23-mers, we wo
find all 23-mer families with at least 25 members, and 55
of all viable 23-mer sequences. The 23-mers not found ar
families with fewer than 21 members.

Our functional model proteins are simplified, comprisi
only hydrophobic and polar residues, and correspondin
we use nonspecific hydrophobic binding as a model of
ness. Previously we defined the fitness,f, as the number of
hydrophobic residues around the binding pocket.25,26 On the
square lattice, including next nearest neighbors gives e
sites and provides a reasonable range of fitnesses. In ord
draw meaningful comparisons between the two lattices
again equate fitness with the number of nearest neigh
and next nearest neighbors~i.e., a total of sixteen possibl
sites! that are hydrophobic. In practice, the number of oc
pied sites is lower, rendering a comparable range of fitn
for the two lattices.

III. RESULTS AND DISCUSSION

A. Neutral and adaptive mutations

A useful measure of the ruggedness of the landscap
the ratio of neutral:adaptive mutations. A flat landsca
dominated by neutral mutations would mean that the mo
proteins are more stable to mutation, while a highly rugg
landscape would imply that the fittest sequences are
stable to mutation. Proteins in a highly rugged landsc
would have limited evolutionary potential.

Table II shows that the proportion of neutral mutatio
increases with increasing length and landscape size. La
landscapes will stabilize a protein with respect to mutat
simply because of their size, and also as a result of the
crease in the number of neutral mutations. It is less clear h
the number of nonlethal mutations per sequence chan
with length and how this affects evolution, although there
some propensity for larger landscapes to be more highly
terconnected. This implies that larger landscapes exist pa
as a result of ‘‘filling in the gaps’’ of sequence space, rath
than simply an expansion outwards.

A useful measure of ruggedness is the autocorrela
function,3 which calculates the correlation of fitnesses at d
ferent evolutionary distances. Flat landscapes will be hig
correlated over long distances. As landscapes become m
rugged, fitnesses over large distances will become unco
Downloaded 03 Sep 2003 to 128.243.220.22. Redistribution subject to A
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lated. A random walk of 2048 nonlethal mutations is tak
on the landscape. We then calculate the correlation betw
the fitness,f, at each position,t, and thats steps away, by
considering the covariance divided by the variance:

R~ t,s!5
E~ f t3 f t1s!2E~ f t!3E~ f t1s!

variance~ f !
.

This process is repeated 100 times for each landsc
and the mean autocorrelations for a selection of landsca
are plotted in Fig. 2.

As we increase the number of steps the autocorrela
decreases in a manner that depends on the structure o
landscape. The majority of the landscapes consist of a si
large network containing a homogeneous mixture of
nesses. These landscapes are rugged and so the autoco
tion falls rapidly, with many landscapes becoming uncor
lated by the third or fifth mutation. While some landscap
exhibit smoothly declining curves, the majority exhibit a
oscillatory behavior, with even-numbered steps on the w
increasing autocorrelation and odd-numbered steps dec
ing autocorrelation. The difference between the two may b
result of the specific characteristics of the landscapes. S
landscapes are highly rugged, and a step on the walk ma
very likely to correspond to a functional mutation, as a h
drophobe in the binding pocket is replaced by a polar re

FIG. 2. Autocorrelation of evolutionary landscapes of various families
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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3457J. Chem. Phys., Vol. 119, No. 6, 8 August 2003 Three-dimensional functional model proteins
due, or vice versa~e.g., the landscape of size 33!. The re-
quirement of folding means that landscapes tend to
constrained to a certain number of fitnesses and a subseq
mutation is likely to return the protein to its original fitnes
rather than take it further away. The contrasting type of la
scape is that exhibited by some of the smaller landsca
~e.g., that of size 40!. Rather than being highly homoge
neous, they are partitioned, with two fitnesses meeting a
interface. This sort of landscape does not exhibit oscillat
behavior, as the walk rarely crosses between the partitio

The highly correlated nature of the 86-member family
due to the presence of two sublandscapes, each of w
exhibits a restricted range of fitnesses. Each sublands
also tends toward the ‘‘partitioned’’ type. Thus the wa
spends most of its time in one of four fitnesses, occasion
passing between them. This landscape is visualized a
graph in Fig. 3. There are only two pathways that cross
partition, which we suggest is the cause of the high auto
relation. These landscapes illustrate the variety that can
exhibited by minimalist models.

Table III shows how increasing sequence length allo
more hydrophobic residues to be incorporated into the b

FIG. 3. 86-member family of 25-mers. Nodes correspond to functio
model proteins; edges correspond to single point mutations connecting
viable sequences. Hub nodes are closest to the center, connected by
edges. The number of sides of a node represents the fitness of the seq
~the number of hydrophobes around the binding pocket!. Triangular nodes
represent sequences with fitness three, nodes with seven sides rep
sequences with fitness seven. Darker colors indicate nodes of greater fi

TABLE III. Normalized distribution of the sequence composition of bindi
pockets.

Fitness

Number of monomers in chain

22 23 24 25

2 0.028 0 0 0
3 0.044 0.016 0.031 0.078
4 0.232 0.200 0.154 0.245
5 0.480 0.411 0.357 0.370
6 0.191 0.274 0.301 0.199
7 0.025 0.093 0.143 0.090
8 0 0.006 0.012 0.013
9 0 0 0.001 0.003
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ing pocket. This means that longer chains are necessar
order to increase the fitness of the functional model prote
within the currently adopted definition of fitness. Thus
drive to increase fitness will produce proteins that are long
and so occupy a richer landscape. The new landscapes
to more opportunity for acquiring new function after ge
duplication, for example. Without this feature, scope for a
quiring new function would be more limited, as our popul
tion would reach a peak of fitness on a landscape of sho
chains.

B. Visualization of the landscape

Once all folding sequences are identified, an evolutio
ary landscape can be constructed by finding pairs of
quences related by single point mutations. The largest fa
lies are given in Table IV. Examples of evolutiona
landscapes are shown in Figs. 3 and 4. Longer chains
support larger evolutionary landscapes. Indel mutations
low shorter chains to evolve to longer chains through a c
nected pathway. The increase in the size of the landsc
with length would provide greater stability to mutation. Th
in turn would provide a driving force for evolution to great
length, even in the absence of improved function for t
longer sequences. An opposing force may be a comple
catastrophe—as the sequences increase in length, they

l
o
old
nce

sent
ss.

TABLE IV. Largest families for each chain length.

Number of monomers in chain Sizes of the three largest families

19 ¯ 2 6
20 2 5 6
21 1 1 1
22 31 31 33
23 31 45 45
24 34 45 126
25 86 129 151

FIG. 4. 151-member family of 25-mers, drawn with the same convention
Fig. 3.
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be more likely to sustain mutations and so more likely
suffer deleterious mutations. However, for the short cha
that we study, an increase in length of only a small prop
tion of the chain leads to families which are sufficien
larger to compensate for the greater number of deleter
mutations. A similar pattern is observed for functional mod
proteins on the square lattice. However, the sizes of the l
est landscapes on the diamond lattice grow in a smoo
fashion.

We visualize the landscapes by representing a viable
quence as a node depicted according to fitness. Edges
tween the nodes represent allowed point mutations. We
assess various features of the landscapes by examining
topology. Some properties of our landscapes are easie
see when considered on a qualitative level. Here we exam
two landscapes. Figure 4 depicts the largest landscap
25-mers found, with 151 members. This landscape exhi
some of the features that seem to be common to most o
larger landscapes. The landscape consists of a set of lin
neutral networks. A large network of low fitness~four hydro-
phobes in the binding pocket! is surrounded by directly at
tached networks of greater fitness~five!, which can then lead
to a further improvement in fitness~to six!. The neutral net-
works of highest fitness tend to be the smallest. This aspe
common to many of our landscapes—for obvious reaso
sequences that can maintain many hydrophobes in the b
ing pocket are rarer than those with less. Thus, the area
highest fitness are least able to withstand the rigors of m
tion. The longer chains are able to support more hydropho
more easily~Table IV!, which will lead to larger neutral net
works of higher fitness. This could provide a driving force
longer chains with larger neutral networks for higher fi
nesses. None of the mutations in this landscape change
structure. This is characteristic of most landscapes on
diamond lattice. Sequences on this landscape are restrict
a single structure, which is the most designable struc
found, shown in Fig. 1.

A previously discussed feature is the presence of crit
edges,26 mutations that connect two otherwise unconnec
portions of the landscape. These features tend to arise o
larger landscapes. Although the landscapes on the diam
lattice were smaller than those found on the square latt
we see an example of a similar feature in Fig. 3, where
smaller landscapes are linked through two mutations. Th
mutations link two different sublandscapes, each of wh
has its own structure and characteristics.

We observe a feature of the networks that may be c
sidered complementary to critical pathways. The landsca
often resemble small world networks,33 with connection to-
pology that lies somewhere between fully regular and r
dom. Each neutral network is connected to a number of
ferent neutral networks by adaptive mutations of t
sequences in the network. A striking feature is the prese
of sequences that are able to make all these connection
dividually. Furthermore, these nodes often connect to e
other. We refer to these nodes as ‘‘hubs.’’ Thus, if we star
a hub, we can move quickly to any of the other netwo
without having to cross the individual neutral network
These features are observed in ten of the twelve families w
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30 or more sequences, three or more neutral networks
sequence length 25. Even if this is just a feature of la
scapes formed by the short chains we have examined, it
has implications for the evolution of the earliest proteins,
that the structure of the evolutionary landscapes natur
facilitates rapid exploration of the individual neutral ne
works. This will reduce the probability of becoming trappe
on a local maximum, as the neutral network of global ma
mum fitness will be reachable by few mutations over h
sequences, even if a neutral net of lower fitness needs t
crossed.

In the case of the 151-member family, all binding pock
configurations on the landscape can be formed by mak
mutations within the binding pocket of a hub sequence. T
sequence can sustain some mutations outside the bin
pocket, however these are not necessary to support new f
tion, and sometimes cause adaptive mutations to becom
thal. It is interesting that this effect is duplicated in a lan
scape such as the 86-member landscape, that act
consists of two structures. In this case, after a structural
tation all the possible neutral networks of the new struct
can also be reached in the same way.

C. Structural mutations and designability

In families, previously examined on the square lattic
we frequently observed mutations that altered the struct
while maintaining or altering function. A different behavio
is observed for the diamond lattice. Many landscapes
composed of a single conserved structure. For the 25-m
the majority of landscapes consist of only one structure, w
only two families~of 86 and 33 members! consisting of two
structures. The difference in designability of structures m
stem from the change in dimensionality, which opens u
different set of possible contact maps. The nature of con
map space is extremely important for determining the d
ignability of a structure.

Contact map space can be imagined as the set o
structurally allowed contact maps, separated from each o
by their Hamming distances. Each contact map encodes
nonbonded pairwise contacts. The Hamming distance is
number of differences between two. For example, con
maps,~1–6,3–8,6–14! and~1–6,8–14! would be three apar
in contact map space, as we lose two contacts and gain
The local nature of contact map space is critical in determ
ing, first whether a structure can be a foldable protein str
ture at all, and second, whether that structure can be hig
designable. Consider the nature of contact map space ar
a certain contact map. If there are many points nearby,
is, if there are many similar contact maps, then any seque
folded into that structure will have many alternative stru
tures similar in energy. This means that the ground state
likely be degenerate or an energy gap will not be establish
and so the structure will not be a foldable functional mod
protein structure.

If a contact map is sufficiently isolated, it may be e
coded for by a sequence. Subsequently, if the contact ma
even further isolated, then any sequences folded into
structure will be able to undergo substantial mutations bef
any other structures can come close in energy. This will le
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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to a highly designable structure. To consider this, we plot
average number of neighbors in contact map space fo
variety of 25-mer structures in Fig. 5. We plot the me
frequency of contact maps that are at various Hamming
tances for all 268 contact maps that are designable by at
one sequence. We compare this with a set of 268 rando
chosen, physically allowable contact maps that are
known to be encoded by a shifted-HP sequence. We c
strain the set of random contact maps to be ‘‘proteinlike’’
ensuring the number of contacts per map is distributed id
tically to the 268 folding structures. We also plot the me
number of neighbors for only the more designable
quences. On Fig. 5 the most designable structures are cl
more isolated from their neighbors than less designa
structures. Also, the random structures have many more
neighbors than the designable structures. One implicatio
this is that a possible method for finding large families
sequence space would be to find the most isolated con
maps after the exhaustive enumeration of structure sp
However, this process may take as long as the exhaus
enumeration of sequence space.

It may be that proteinlike features such as second
structure and tertiary symmetries such asb-barrels, four-
helix bundles anda-helical coiled-coils emerge as a result
maintaining isolated contact maps as chain length increa
Duplication of designable substructures has been specu
to be a source of tertiary symmetries.34 It may be that certain
isolated contact maps are typical ‘‘winning solutions.’’ Th
duplication of the structures corresponding to these con
maps would then result in symmetries that maintain or
tend the separation of a structure’s contact map from
rounding maps, and so lead to the structure becoming m
designable.

One aspect of designability is that very different s
quences can design the same structure. This is illustrate
the 151-member family, where there are sequences w
differ in nine of the 25 monomers. As noted earlier, in co
trast to the diamond lattice, functional model proteins on
square lattice show much variation in structure. For exam
the largest family of 23-mers has 713 members, yet the m
designable structure is encoded for by only 64 sequen

FIG. 5. Contact map space. The logarithm of the mean frequency of oc
rence of structures separated from a set of structures by Hamming dist
for several sets of sequences.
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Figure 6 shows the distributions of designability on the tw
lattices. The primary difference is that the diamond latt
demonstrates a much smaller number of structures of
designability. This corresponds to the large families wh
structure is highly pliable. Figure 6~c! shows that this behav
ior is not a simple consequence of the number of functio
sequences found. The figure shows the 23-mer on the

r-
ce,

FIG. 6. The frequency of designabilities for~a! square lattice and~b! dia-
mond lattice functional model proteins, with a comparison~c! between mod-
els on the different lattices with similar numbers of functional sequence
IP license or copyright, see http://ojps.aip.org/jcpo/jcpcr.jsp
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mond lattice, which yields 1786 functional sequences,
the 19-mer on the square lattice, which yields 1936. T
19-mer possesses an order of magnitude more structure
low designability than the 23-mer. It is unclear what featu
of the lattices causes this behavior, or whether it is restric
to the shifted-HP model, but it raises questions for stud
that rely on structural characteristics for their definitions
function. Exhaustive studies on 3D lattices are rare, w
most studies concentrating on maximally compact structu
on a cubic lattice.20–22We suspect that for the square latti
there are a large number of structures that are somew
isolated in contact map space, and so are foldable, but po
designable. On the diamond lattice, this may be different;
structures may be either highly isolated or well surround
with intermediate structures more of a rarity.

IV. CONCLUSIONS

In this study, we have extended our previous work25,26

by the study of functional model proteins on a 3D lattice. W
have mutated shorter sequences in order to examine fam
of longer sequences. The requirement for function is o
which makes functional model proteins rarer in our evo
tionary landscapes than they would otherwise be. Howe
we believe it leads to a more accurate characterization
evolutionary landscapes than models that consider tha
folding proteins are functional.

The difference between the diamond lattice and
square lattice with respect to designability was highlight
Many previous studies represent function in terms of pre
vation of structure. Perhaps conclusions drawn from th
studies should be reconsidered in light of the evidence
the degree of structural mutations is tightly coupled to
choice of lattice.

Designable structures were characterized as those w
have highly unusual contact maps. Crippen35 applied an em-
pirical function to predict the number of structures with
given contact map on the cubic lattice. Examples of la
deviations from this function were found, i.e., contact ma
which were much more or less common than anticipat
The complexity of contact map space is important, as
evolutionary landscapes of minimalist models are stron
dependent on its nature.

Several conclusions drawn from our square lattice st
ies remain robust with respect to the choice of lattice.
observe that the size of our landscapes grows with ch
length, with the landscapes becoming less rugged. Lon
chains are able to support more functional diversity, incor
rating more hydrophobic character into the binding pock
Longer chains also demonstrate new features, with 24-m
supporting closed pockets~those surrounded by four or mor
monomers!, and 25-mers also supporting two binding poc
ets. These characteristics of longer chains can provide im
tus for evolution to grow the chain, which will provide ac
cess to larger, more structurally diverse landscapes, w
will in turn allow proteins to acquire new function.

The previously observed frequency of critic
pathways26 may have been a feature of the square lattice,
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to its propensity for structures of low designability, whic
may link up otherwise separated families by forming inte
mediate structures. However, similar features are still
served, for example with the 86-member family of 25-me
~Fig. 4!. This family consists of two structures organized in
two subfamilies connected by two edges. This is qual
tively similar to the effect of known mutations of Ar
protein.27 A mutant of Arc where a hydrophobe is swapp
with an adjacent polar residue~Asn11Leu and Leu12Asn
mutations! has a different tertiary structure. A sequence w
just the Asn11Leu mutation is stable in either structure un
different conditions. While the simulation of such charact
istics is currently beyond the scope of our investigation,
underlying structures of the landscapes are able to re
some aspects of real landscapes.
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